The aim of this work is to introduce and give some properties of the Lichnerowicz basic cohomology which is an important generalization of the basic cohomology.
Introduction
In this paper, we introduce the Lichnerowicz basic cohomology for a foliated manifold and a basic closed 1-forme ω. Recall that the Lichnerowicz cohomology is the cohomology of the complex of differential forms on a smooth manifold with the de Rham differential operator deformed by a closed 1-form ω. The Lichnerowicz cohomology is a proper tool of locally conformal symplectic geometry, see [11] .
In [1] we have showed the Leray-Hirsch theorem for basic and vertical forms. In this note we will generalize this theorem for all differential forms.
In the second section,we first define the Lichnerowicz cohomology and some of its basic properties. In the last section, we introduce the basic Lichnerowicz cohomology for any foliated manifold and show that many properties of the usual basic cohomology still have their analogues within the Lichnerowicz basic cohomology.
M with the coboundry operator
where d is the exterior derivative and e(ω) is given by e(ω)(α) = ω ∧ α for all α ∈ Ω * (M).
We will denote by H * ω (M) the cohomology of the complex (Ω * (M), d ω ). Similarly we define the Lichnerowicz-cohomology with compact support H *
there exists a smooth positive function f such that ω = ω + d(lnf ). Then the following application
is an isomorphism.
In this section we recall another interpretation of the Lichnerowicz-cohomology given by Banyaga in [3] .
Let π :M −→ M be the minimum regular cover over which the 1-form ω pulls back to an exact 1-form and let λ :M −→ IR be a positive function oñ M such that π * ω = dλ. It is well known that the group of automorphisms A of the coveringM is isomorphic to the group of periods of ω [12] .
Lemma 2.0.2 For any τ ∈ A, the function
is independent of the choice of λ. We denote it by c τ . 
Example 3.2
Let G be a Lie group with Lie algebra G, E −→ M a principal G-bundle on M, and ω a connection 1-form on E. Thus ω ∈ Ω 1 (E, G), and its curvature is given by
A connection ω with Ω = 0 is a flat connection and a bundle with a flat connection is said to be flat. If E is an S 1 -flat bundle, then [ω, ω] = 0 and therefore Ω = dω = 0. So ω is an ordinary closed 1-form Suppose that M has a good cover U and let U ∈ U. Take df an exact 1-form on U, then
Using the Mayer-Vietoris sequence inductively, we immediately obtain
Next we will prove the Leray-Hirsch theorem for the Lichnerowicz cohomology. First we state such theorem for basic and vertical forms and then for general forms. 
By an analogue proof of the previous theorem we can show the following LerayHirsch theorem for vertical forms: 
where the map i : F −→ E is the inclusion.
More generally, we can use the same arguments as before to prove the Leray-Hirsch theorem for any closed form on a manifold, namely we have the following theorem: 
where the application i : F −→ E is the inclusion. 
Lichnerowicz basic cohomology
Let (M, ω) be a smooth n−dimensional manifold equipped with the closed 1-form ω and F a foliation. 
Suppose that ω is basic, that is
i X ω = 0 = L X ω. Then i X d ω α = 0 and L X d ω α = 0, for all basic p-form α on M.
The Lichnerowicz basic cohomology depends only on the basic class of ω. In fact, we have the following isomorphism
which is given by α −→ e f α. 
Note that H * bω (F ) is not an algebra but the exterior product induces the following homomorphism
∧ : H * bω (F ) × H * b(−ω) (F ) −→ H * b (F )
Proof:
Suppose that df + f ω = 0. Then the function f must admit zeros since ω is not exact. Set S = {x ∈ M/f (x) = 0}, that is a closed set on M. We prove that it is also open. 
we get that 
Gysin Sequence
The relation between the de Rham cohomology and the basic Lichnerowicz cohomology of M is given by the Gysin sequence. The Gysin sequence for isometric flow is given by
where e is the connecting morphism given by multiplication by the Euler class.
Recall that the Euler class is the cohomological class of the differential char-
. This sequence is induced by the short Gysin sequence
where ρ is the projection induced by the inclusion Ω * 
Let M be a differentiable 3-dimensional manifold and F a Riemannian flow on M. Take p = 1 in the above Gysin sequence. We get
And then we deduce
Now, let M be a differentiable n-dimensional connect manifold and F a Riemannian foliation on M with q = n − 1. Then the Gysin sequence
Invariant of foliation and Lichnerowicz basic cohomology
We have the following theorem due to Prieto and Saralegi. 
Proof:
We have by (1) that the 1-forme ω = χ − γ is integrable, then ker ω define a foliation G of codimension 1. 
